T-dual-coordinate dependence makes the effective 
Kalb-Ramond field nontrivial * 



Lj. Davidovic ^and B. Sazdovic ^ 
Institute of Physics, University of Belgrade, 
11001 Belgrade, P.O.Box 57, Serbia 

January 20, 2013 



Abstract 

We show that the fact that the string theory is unoriented does not necessarily 
force the Kalb-Ramond field to vanish. We investigated the theory of the open string 
propagating in the weakly curved background. The effective Kalb-Ramond field B'^{/ , 
the background field of the effective theory obtained on the solution of the boundary 
conditions, does not depend on the fi-even effective coordinate q, but on its T-dual 
q which is f2-odd. This brakes the standard proof that the term with B'^JJ should 
vanish. From the world-sheet equations of motion we identify B'^JJ with the torsion 
potential. 

It is well known that type I superstring theory is unoriented (symmetric under world- 
sheet parity transformation : cr — )■ —cr). It can be obtained from type IIB superstring 
theory as an Jl-projection. This procedure eliminates all the states which are odd under 
$7-transformation p]-[3]. 

Generally, the i7-odd background fields are absent in the unoriented theories, because 
they come within terms which are integrated out of the action, as the 0-odd terms on the 
symmetric a interval [— 7r,7r]. This can be proven using the implicit assumption that the 
background fields depend on the fi-even coordinates. 

We are going to present an exception of this rule, on the example of the bosonic string. 
We will consider the propagation of the open bosonic string, described by the action 

[DEI El [5] 

5 = AC / d^illr^G^.ix) + e"^i3^,(x)l5„x^a^x^ (0.1) 
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-1), where integration goes over two-dimensional world-sheet S parameterized by 



1 are the 
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the coordinates = t, = (t with a S [0, vr]. Here x^{£,), ^ = 0, 1,...,-D 
coordinates of the D-dimensional space-time, and we use the notation x 

Requirement for the world-sheet conformal invariance on the quantum level, produces 
the restriction on the background fields which can be represented in a form of the space- 
time equations of motion. We will consider the following particular solution of these 
equations, the weakly curved background [U [71 El |9] 
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where the parameter bfj,^ is constant and B^^p is constant and infinitesimally small. 



The minimal action principle for the open string produces the equation of motion 



up" 



and the boundary conditions on the string endpoints. For the Neumann boundary condi- 
tions we have 

0, (0.4) 
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We treat the boundary conditions as constraints. We demand their time consistency 



=0,7r 



0,7; 
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(n > 0). 



and therefrom we obtain the infinite set of constraints 7^^ 
Applying the procedure developed in Refs.[8l [9], using the equation of motion (j0.3p . we 
obtain their explicit form in the leading order in B^^^p. Instead of working with this infinite 
set of constraints, we build a a-dependent constraint at each string end-point. Separating 
constraint at cr = in il-symmetric and antisymmetric parts Tp = 
calculation described in |8, :9], its compact form has been obtained 
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where we introduced even and odd coordinate variables 
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and 

Q^ia) = I dm^iT^). (0.8) 







We solve the constraints T^{a) = 0, r^(cr) = by iteration method. The solution, in 
the zero order in the infinitesimal parameter B^^p is 



g-'^ = 26^,g^ r = 2b'^uQ"'- (0.9) 
In the first order in B^yp, it becomes 

e = 2B'^,{q)r - A'^,iQ)q'\ 

where we introduced antisymmetric infinitesimal tensor 

A^uiQ) = h^u{Q)-l2hPhp„{Q)h% 

- 12h^p{bQ)lf, + 12b;hp,{bQ), (0.11) 

with hp^uix) = \Bp„pXp. 

If we extend the a domain and demand 27r— periodicity of the original variable x^{a + 
27r) = x^{a), it can be shown that the constraints at a = and a = tt are equivalent. 
Therefore, the relation (jO.lOp solves both constraints at o" = and a = it. 

Substituting the solution into the Lagrangian (10. ip we obtain the effective one 

j^eff ^ ^q,G%f{q,Q)r-^q'PG%f{q,Q)q''^ 

+ 2^q'^^Bf,if{q,Q)r, (0.12) 



where 



and 



G%Hq,Q) = Gf:,{q + 2bQ)+i[b^A{Q)-A{Q)b\,, 
B;IHq, Q) = [K2bQ) + 4bhi2bQ)bU - B/iq)G%{q), 

(0.13) 

G^A^) = G^, - ABppix^G-y'^B^.ix) (0.14) 



is the open string metric. 

Because our basic variable q^{cr) contains only even powers of a, it is convenient to 
regard it as the even function q^{—cr) = q^{cr) on the interval a € [— 7r,7r]. Therefore, we 
will consider the action S^'^-^ = J dr J^^ daC^^^ , which makes our effective theory unori- 
ented closed string theory. Consequently, the terms of the effective metric which depend 
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on Q and the terms of effective Kalb-Ramond field which depend on q will disappear and 
we obtain 

S-ff = d\\^-r^G%f{q) + e^^B'/J{2bQ)]d^q>^dpq'', (0.15) 

where Si marks the changed sigma domain a G [— vr, vr]. The effective background fields 
are equal to 



where A6 is the infinitesimal part of the so called non-commutativity parameter 
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Qf^-^ = 



(0.16) 



(0.17) 



and = G^jj{Qi) is the constant part of the effective metric. 

There are two unexpected results here. The first one is the appearance of the non- 
trivial Kalb-Ramond field B'^J and the second one is the fact that it does not depend on 
the coordinate q^^ but on Q^{(t) = Jq dr]q'^{r]). We are going to offer an explanation and 
the interpretation of these results. 

It is well known that the theory of the unoriented closed string (which is just our 
effective theory) should not contain the Kalb-Ramond field. Let us first present the stan- 
dard reasons, for this statement OITO]. The effective Kalb-Ramond field appears in the 
effective action within the term B^(^^ q^q"^ . So, as q^ is fi-even and q'^ fi-odd variable, 
if the Kalb-Ramond field depends on the O-even variable, this term does not contribute, 
because it disappears after integration over the symmetric interval [— 7r,-7r]. 

What is different in our case? It is the fact that the effective Kalb-Ramond field does 
not depend on the effective coordinate q^ ($7-even) but on the integral of the r-derivative 
of the effective coordinate Q^{cr) = dr]q^{r]) (O-odd). Since, B^^J{2hQ) is linear m 

it means that the effective Kalb-Ramond field is odd under cr-parity transformation 
Q.Bl/J[2bQ{a)] = —B'^^J[2bQ{a)]. This minus sign changes the situation, because the 
term in the action with the effective Kalb-Ramond field becomes O-even, and this fact 
allows its survival. 

What can the interpretation of be? First, note that appears as an argument 
of B^J only, which is the infinitesimal of the first order. So, it is enough to consider 
up to the zero order. The zero order equation of motion for q^ is just d+d-q'^ = 0, and 
consequently the solution has the form q^{(T) = /^{c^) + g'^{cr~), with cj^ = r it cr. The 
Q-evenness of the variable q'^, q^{—(y) = q^{cr), implies /(o") = g(a) and we obtain 

q''i<T) = n<J+) + na-). (0.18) 
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From the properties 9±/^(cj^) = 0, we have /^(cr^) = ib/''^(cr^). Therefore, q^{(T) = 
f'^{(J~^) — and consequently 

Q^iT,a) = na+) - r(a-) ^ r{r,a), (0.19) 

where q^{T,a) is T-dual mapping of the effective coordinate q^{T,a) (see for example 
(17.76) of Ref. or eq. (6.17) of Ref.[3J). Note that T-dual coordinate q is 0-odd 
variable, because q{—cr) = —q{a). So, in the effective theory with dynamical variable q^, 
the effective metric depends on the coordinate q^ and the effective Kalb-Ramond field on 
its T-dual qf". 

The question arises, why do the background fields depend on the different arguments? 
To understand this, it is enough to consider the zero order solution of the boundary con- 
ditions, because the arguments of the background fields appear only in the infinitesimally 
small terms. Let us rewrite the solution of the constraints (jU.9|) . in the form 

x'^(a) = (?^(c7) + 2iG-^br,r. (0.20) 

The effective metric depends on the first (fi-even) part of and the effective Kalb- 
Ramond field on the second (Jl-odd) part of x^. So, we can formally rewrite the effective 
action (j0.15p in the form 

S'ff = ^l^ d''^[^v''^G';/Jix)+e''^B'/J{x)]d^q'^dpq'', 

(0.21) 

because 7]°''^ [C/J {2bq) - C/J {0)]daq''df}q'' and e°''^ Bf/J {q)daq^'di3q'' do not contribute 
being the O-odd terms. Therefore, formally, both background fields depend on the same 
argument, the solution for the initial coordinate x^ expressed as in (|0.20p . in terms of the 
effective one q^ and its T-dual g^. 

The appearance of the T-dual effective coordinate q^ = in the Lagrangian (j0.2ip 
suggests that we have obtained the nonlocal theory. It is interesting to find the equation of 
motion of the theory of this type, when C^JJ is arbitrary function of q^ and B^J consists 
of the odd powers in Q-odd variable q = 2hq. 

Variation with respect to q^ produces world-sheet equation of motion 



r^'^^'Dpd.q^ = 2Ke^\^P dr^^[ '^.^ d^q^dpq'^ 



(0.22) 



where ^DaV^ = daq'^^DyV^ is the covariant derivative in the world-sheet direction. is 
generalized covariant derivative ^Df^V^ = dfj,V'^ + ^Tp^V^, with the generalized connection 

Op;:, = (T^ffr^^ + ^'K'^^,. (0.23) 
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It consists of the Christoffel connection (re//)]^^^- and contorsion ^K^ij^j = in terms 

of torsion 

3 

Here {/Ui/p} = lypfi + pfiv — pvp is Schouten bracket. 

Therefore, the Kalb-Ramond field is related to the torsion potential. This is in ac- 
cordance with the usual interpretation of the Kalb-Ramond field B^j^y in the low energy 
string theory as the non-Rimannian theory [TT] . In our case torsion is infinitesimally small 
constant. 

Let us summarize. In our approach the initial theory represents an oriented open string 
theory. The theory obtained on the solution of the boundary conditions, to which we refer 
as an effective theory, is an unoriented closed string theory, because it is symmetric under 
(j-parity transformation, : a — >■ —a and satisfies the boundary condition q^{(T = — vr) = 
g'^(cT = vr). 

The complete transition from the original theory (jO.ip to the effective theory (jO.lSp 
consists of 



1. the dynamical variable transition 



(0.25) 



2. the background field transition 

^ GlU{q), B^,{x) ^ B%f{2bq) . (0.26) 

The effective action (lO.lSp describes the propagation of the effective unoriented closed 
string in the effective background (|0.26p . 

When both background fields of the initial theory, G^j^i, and B^^, are constant the 
effective background has constant effective metric g^y = G^^^{0) and zero Kalb-Ramond 
field. Infinitesimal correction of the initial antisymmetric field -B^i/, linear in coordinate 

produces infinitesimal correction of the effective metric linear in effective coordinates 
q^ and turns the infinitesimal part of the Kalb-Ramond field into the T-dual effective 
coordinate q^^ dependent. This fact makes the term with B'j^f , ri-even and allows its 
existence in the unoriented string theory. 

The non-commutativity properties of the open string in the weakly curved background 
are considered in Refs. [8l[9]. 
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